This paper is concerned with fast diffusion equations for coupling via nonlinear boundary flux. By means of the theory of linear equations and constructing self-similar super-solutions and sub-solutions, we obtain a critical global existence curve. The critical curve of Fujita type is conjectured with the aid of some new results.
Introduction
In this paper, we investigate the existence and non-existence of global weak solutions to the following porous medium equations: The particular feature of equations (.) is their gradient-dependent diffusivity. Such equations can be used to provide a model for nonlinear heat propagation, they also appear in several branches of applied mathematics such as plasma physics, population dynamics, chemical reactions, and so on. At the same time, these equations are also called the Newtonian filtration equations, which have been intensively studied since the last century (see [, ] and the references therein). In addition, for the case s ≥ , system (.)-(.) suggests that equations (.) are linked by the influx of energy input at the boundary x = . For instance, in the heat transfer process, -(u m i i ) x represents the heat flux, and hence the boundary conditions represent a nonlinear radiation law at the boundary. These kinds of boundary conditions appear also in combustion problem when the reaction happens only at the boundary of the container, for example, because of the presence of a solid catalyzer, see [] for justification.
In general, system (.)-(.) does not possess classical solutions. This is due to the fact that the equations in (.) are parabolic only where u ix > , but degenerate where u ix = . However, local in time existence of weak solution (u  , u  , . . . , u s ) to problem (.)-(.), defined in the usual integral way, as well as a comparison principle can be easily established as, for instance, in [, , ]. Let T be the maximal existence time of a solution (u  , u  , . . . , u s ), which may be finite or infinite. If T < ∞, then u  ∞ + u  ∞ + · · · + u s ∞ becomes unbounded in finite time and we say that the solution blows up; while if T = ∞, we say that the solution is global. In particular, the problem of determining critical 
with m, n >  and notations
They obtained that the critical global existence curve of (.) is pq = ( , the critical global existence curve is q  q  = (
, then the solutions may blow up in a finite time. To our knowledge, however, there are few works in the literature dealing with the heat conduction systems such as (.)-(.). Motivated by the above mentioned works, in this paper we have a purpose to extend the results of the slow diffusion case [] to the fast diffusion case and s components, and the aim is twofold. Firstly, we construct the selfsimilar super-solution and sub-solution to obtain the critical global existence curve of system (.)-(.). Secondly, the critical curve of Fujita type is conjectured with the aid of some new results. A very interesting feature of our results is that the critical curves are determined by a matrix and a linear algebraic system. The fact that we are dealing with a general system instead of a single equation and with nonlinear diffusion forces us to develop some new techniques.
In order to state our results, we introduce some useful symbols and a lemma. Denote by
and let
A series of standard computations yields
Next, we shall see that det A =  is the critical global existence curve. In addition, we give the following lemma which comes from linear algebra, and its proof is obtained by using the Cramer theorem.
Lemma  For the matrix A which is defined by (.) and any constant ε  , according to the Cramer principle, if det A = , then the following linear system
T which is given by
and
Now we state the main results of this paper.
Theorem  Assume p
i <  + m i (i = , , . . . , s). If s i= ( + m i -p i ) ≥  s q  q  · · · q s , i.e., det A ≥ , then every nonnegative solution of system (.)-(.) is global in time. Theorem  Assume p i ≤  + m i (i = , , . . . , s). If s i= ( + m i -p i ) <  s q  q  · · · q s , i.e., det A < , then system (.)-(.
) has a nonnegative solution blowing up in a finite time.
Remark  From Theorems  and , we see that the critical global existence curve for
. . , k s ) denote the unique positive solution of linear system (.) with constant ε  = -, that is,
and define
Then we have the following. 
blows up in a finite time.
Remark  From Theorem , we conjecture that the critical curve of Fujita type is min i {l i - Remark  By Theorem , it is seen that the critical global existence curve for system (.)-
The rest of this paper is organized as follows. In Section , we consider a critical global existence curve and prove Theorems  and . The proofs of Theorems  and  are given in Section .
Critical global existence curve
In this section, we characterize when all solutions to problem (.)-(.) are global in time or they blow up. Motivated by [, ], we base our methods on the construction of selfsimilar solutions and on the comparison arguments.
Throughout this paper, we always assume (u
Proof of Theorem  In order to prove that the solution (u  , u  , . . . , u s ) of (.)-(.) is global, we look for a globally defined in time strict super-solution of self-similar form
where M ≥ max i { u i ∞ + } and K i , L i >  are to be determined. It is easy to see that
By a direct computation, we obtain
Note that the function
. Then we have
At the same time,
Similarly,
Therefore, we can first take M large enough so that
On the other hand, it remains to verify the boundary conditions (.), a simple computation yields
Then we have -(ū
Hence, from (.) and (.) we get 
, where
Thus, these constants K i and ε  can ensure that inequalities (.), (.) and (.) hold. Therefore, we have proved that (ū  ,ū  , . . 
. ,ū s ) is a global super-solution of system (.)-(.). Case (ii). If
Consider the functions
with a positive constant T and compactly supported functions
where A i , B i are positive constants to be determined. By a direct calculation, we have
Thus, (ũ  ,ũ  , . . . ,ũ s ) is a sub-solution of (.) and (.) provided that
Hence, inequalities (.) are satisfied if we choose the constants B  , . . . , B s such that
On the other hand, the boundary conditions in (.) are satisfied provided that
Substituting (.) into (.), we obtain
At the same time, by (.) we get
where
Therefore, there exists A i+ small enough such that inequality (.) is valid. Thus, if the initial data u  (x), u  (x), . . . , u s (x) are large enough so that
then (ũ  ,ũ  , . . . ,ũ s ) is a sub-solution of system (.)-(.) by the comparison principle, which implies that the solutions of system (.)-(.) with large initial data blow up in a finite time. The proof is complete.
Critical curve of Fujita type
Now we turn out attention to the results of Fujita type. This is, we shall show when all solutions of system (.)-(.) blow up in a finite time or both global and non-global solutions exist.
Proof of Theorem  () In order to prove the conclusion, we only need to show that the solutions of system (.)-(.) with small enough initial data have global existence, which will be proved by constructing kinds of self-similar global super-solutions 
We claim that (.) and (.) admit a solution of the form 
That is,
Therefore, according to that k i < l i , we may first take the constant D i such that
Secondly, setting y i = ξ i + a i , then the inequality in (.) can be written as
For simplicity, we define the function h i as
And then h i (y i ) reaches its maximum at the point
Hence, we only need that h i (y * i ) ≤ , it follows from the following:
On the other hand, for the above constants
, the boundary conditions (.) are satisfied if we have
Similar to the analysis of the proof in Theorem , for i = , , . . . , s,
In addition, by (.), there exists a positive constantC i as
Thus, we can choose a  , a  , . . . , a s large enough for the above inequalities (.) to hold. 
